
4.7 – Change of Basis

Note: Recall that (𝛚)𝜔 is the coordinate vector for a vector 𝛚 relative to a basis 𝜔.
When considered as a column vector, this author uses the notation [𝛚]𝜔.
De!nition: If 𝜀 = {𝛚1, 𝛚2, … , 𝛚𝜗} is a basis for a !nite-dimensional vector space𝜛 , and if(𝛚)𝜀 = (𝜚1, 𝜚2, … , 𝜚𝜗) is the coordinate vector of 𝛚 relative to 𝜀, then
the mapping 𝛚 ⋛ (𝛚)𝜀 is the coordinate map relative to 𝛆 from 𝜛 to 𝜍𝜗.
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To transition from one basis 𝜔 to another basis 𝜔ω for the same vector space, we
use a transition matrix, denoted by 𝜑𝜔⋛𝜔ω.
In 4.5, we found (𝛚)𝜔 for 𝛚 = (ε1, 7, 2)with respect to the basis 𝜔 = {𝛚1, 𝛚2, 𝛚3},
where 𝛚1 = (2, ε1, ε1), 𝛚2 = (ε2, 1, 2), and 𝛚3 = (3, 5, 4) by row reducing an
augmented matrix. Here we achieve the same result by using a transition matrix
from 𝜀, the standard basis for 𝜍3, to 𝜔.
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The goal of this lesson is to provide
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more generally between B B and B B
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De!nition: If we change the basis for a vector space 𝜛 from an old basis𝜔 = {𝛝1, 𝛝2, … , 𝛝𝜗} to a new basis 𝜔ω = {𝛝ω1, 𝛝ω2, … , 𝛝ω𝜗}, then [𝛝𝛻]𝜔ω are the
coordinate vectors for the old basis vectors relative to the new basis. The transi-
tion matrix from 𝛡 to 𝛡ω is the matrix having these vectors as its columns and
is written [by this author] as 𝜑𝜔⋛𝜔ω = [[𝛝1]𝜔ω |[𝛝2]𝜔ω|…|[𝛝𝜗]𝜔ω]. Note that this is a
partitioned matrix.
We use this as follows: For every vector 𝛚 in 𝜛 ,[𝛚]𝜔ω = 𝜑𝜔⋛𝜔ω [𝛚]𝜔
#3 Consider the bases 𝜔 = {𝛝1, 𝛝2, 𝛝3} and 𝜔ω = ⌋𝛝ω1, 𝛝ω2, 𝛝ω3⌈ for 𝜍3, where
𝛝1 = ⌉{{{}
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⦃⦄⦄⦄⟨, 𝛝2 =

⌉{{{}
2ε11
⦃⦄⦄⦄⟨, 𝛝3 =

⌉{{{}
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⦃⦄⦄⦄⟨ and 𝛝ω1 =

⌉{{{}
31ε5
⦃⦄⦄⦄⟨, 𝛝ω2 =

⌉{{{}
11ε3
⦃⦄⦄⦄⟨, 𝛝ω3 =

⌉{{{}
ε102

⦃⦄⦄⦄⟨
a. Find the transition matrix 𝜔 to 𝜔ω.
b. Compute the coordinate vector [𝛠]𝜔, where 𝛠 = ⌉{{{}

ε58ε5
⦃⦄⦄⦄⟨ and use the transition

matrix in part (a) to compute [𝛠]𝜔ω.
c. Check your work by computing [𝛠]𝜔ω directly.
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Theorem 4.7.1 If 𝜑 is the transition matrix from a basis 𝜔 to a basis 𝜔ω for a
!nite-dimensional vector space 𝜛 , then 𝜑 is invertible, and 𝜑ε1 is the transition
matrix from 𝜔ω to 𝜔.
#13 If 𝜑 is the transitionmatrix from a basis𝜔ω to a basis𝜔, and𝜕 is the transition
matrix from 𝜔 to a basis ℵ, what is the transition matrix from 𝜔ω to ℵ? What is
the transition matrix from ℵ to 𝜔ω?
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